AbsbacI-Tbis paper deals with the problem of cooperative localization for the case of large groups of mobile robots. A Kalman filter estimator is implemented and tested for this purpose. The focus of this paper is to examine the effect on localization accuracy of the number N of participating robots and the accuracy of the sensors employed. More specifically, we investigate the improvement in localization accuracy per additional robot as the sue of the team increases. Furthermore, we provide an analytical expression for the upper bound on the positioning uncertainty increase rate for a team of N robots as a function of N, the odometric and orientation uncertainty for each robot, and the accuracy of a robot tracker measuring relative positions between pairs of robots. The analytical results derived in this paper are validated in simulation for different test cases.
I. INTRODUCTION
This paper studies the localization accuracy of a team of mobile robots that closely cooperate while navigating witbin the same area. The problem of localization is central in mobile robotics. One of the advantages of multirobot systems is that robots can accurately localize by measuring their relative position and/or orientation and communicating localization information throughout the group. Although external positioning information from a GPS receiver or a map of the environment can further increase the overall localization accuracy, we hereafter consider primarily the most challenging scenario where the absolute positions of the robots cannot be measured or inferred. In this case the uncertainty in the position estimates for all robots will continuously increase. Previous work on cooperative localization [171, [211, [27] bas demonstrated that the localization uncertainty increase across groups of robots is lower compared to the situation where each robot is estimating its position without cooperation with the rest of the team.
The theoretical analysis of the positioning uncertainty propagation during cooperative localization has been an open problem to this date. In this paper we present the first theoretical treatment for determining upper bounds on the position uncertainty accumulation for a group of N robots by directly solving the continuous time Riccati equation
for the covariance of the errors in the position estimates. The key element in our derivation is the separation of the covariance matrix into two sets of submatrices: the ones that converge to steady state values and those that capture 0-7803-78601/03/$17.00 (9 2003 (9 IEEE 1763 the time dependence of the uncertainty increase during cooperative localization. The main focus is on homogeneous teams of robots, i.e. groups of robots that have the same proprioceptive (odometric in this case) and exteroceptive (orientation and relative position) sensing capabilities. Nevertheless, the derived expressions are also applicable for determining the upper localization uncertainty bounds for heterogeneous teams of robots based on the sensing capabilities of the robot with the least accurate sensors within the team. The resulting formulae are for the maximum expected uncertainty. Since both the kinematics of the robots and the relative position measurements in 2D are described by sets of nonlinear and time-varying equations, in this treatment we consider maximum expected values for the covariances of the different sources of uncenainty and noise.
Throughout the paper we assume that all robots move at the same time randomly. Each robat continuously measures its relative position to the rest of the robots in the team. Moreover, each robot is equipped with a sensor (such as a compass or a sun sensor) of limited accuracy that provides absolute orientation measurements. This is required in the derivations that follow for determining bounds on the orientation uncertainty for each robot. If such sensor is not available, then an upper bound for the orientation uncertainty needs to be defined by alternative means, e.g. by estimating orientation from the structure of the environment around the robot [181, [ZO] , or by deriving an estimate for the maximum orientation uncertainty from odometry over a certain period of time for each robot [ 131.
In these cases the resulting expressions will provide an upper bound for the localization uncertainty in the group.
In the following section we outline the main approaches to cooperative localization. In Section In we present the formulation of the multi-robot localization problem and study the effect of consecutive relative position updates on the structure of the Riccati equation describing the time evolution of the uncertainty in the position estimates.
Section TV contains the derivations of the analytical expression for the uncertainty propagation in the case of cooperative localization. In Section V simulation results are presented that validate the derived analytical expressions for the rate of localization increase. Finally, Section VI draws the conclusions from this analysis and suggests directions of future work. Hereafter we present the details of our approach for estimating the uncertainty propagation during cooperative localization. Our initial formulation is based on the algorithm described in [28]. The main difference is that the robots instead of measuring their relative orientations, have access to absolute orientation measurements.
COOPERATIVE LOCALIZATION
Consider the case of a mobile robot moving on flat terrain and equipped with odometric sensors that measure its linear and rotational velocity. In this case the pose of the robot (in discrete time) is given bv . -
where V(k) and w ( k ) are the linear and rotational velocity of the robot at time k. This non-linear set of equations can be used to propagate the estimate for the pose of the robot as
are the measured linear and rotational velocity of the robot, and wv(k) (tu;@)) is the noise-contaminating the linear (rotational)velocity measurements. Both w v (k) and w,(k) are assumed to be independent zerc-mean white Gaussian processes with known variances Instead of formulating an estimator that combines both odometric and absolute orientation measurements, we follow a two-tier approach to this problem where absolute orientation measurements are first combined with odometric measurements of the rotational velocity of each robot independently. Then, the resulting improved orientation estimates are used to propagate the position estimates of the robot. Although this approach is suboptimal compared to an estimation scheme that combines all odometric and absolute orientation measurements at once, it will facilitate the derivation of an analytical expression for bounding the uncertainty in the case of groups of robots moving in 2D. The same two-tier approach can be used to derive similar expressions for motion in 3D.
A. Orientation Estimation
For the first layer of estimation, the rotational velocity measurements are used to propagate the orientation estimates for the robot. This is described by the following equation: 
where $(k) = I, is the 2 x 2 identity matrix, and As evident from the previous expressions, the covariance Q d ( k ) for all sources of uncertainty and noise during propagation is a time-varying matrix. The values of the elements of this matrix depend on the measured velocity V , ( k ) of the robot and the estimate of its orientation g ( k ) .
If we assume that the robot moves with constant velocity and we average across all possible values of its orientation, then the urevious covariance matrix is eiven bv in discrete time, and a; + a;,vz
in continuous time.
When no relative positioning information is available, the covariance for the position of the robot is propagated using only odometric information. This is described by the following Riccati equation
where po is the initial positioning uncertainty of the robot and I is the 2 x 2 identity matrix. As it is evident, the covariance (uncertainty) for the position of a single robot increases, on the average, linearly with time at a rate of q determined by the accuracy of the absolute orientation measurements and the robot's odometry.
C. Relative Position Measurements
At this point instead of one robot, we consider the case of a group of robots where each of them (i) estimates its orientation by fusing rotational velocity measurements with absolute orientation measurements, (ii) propagates its position using the previous orientation estimates and linear velocity measurements, and (iii) measures the relative The further away the two robots are the more error-prone is the measurement estimate i ; j ( k + 1). In For different values of 0, the maximum average value for the previous expression is: ( A , + Q d +NB,)-'B,(A, + a d ) -' + 2.a-l Note again that both the diagonal and non-diagonal submatrix elements of this matrix are equal between them. Assume that after a certain number of propagation and update steps, at time step k = m the covariance matrix has still equal diagonal and equal non-diagonal submatrix elements. That is
We will prove that the covariance matrix P,+1 also has equal diagonal and non-diagonal submatrix elements. By substituting Eq. We have proven the following:
Lemma 3.1: The covariance matrix for a group of N robots with the same level of uncertainty for their proprioceptive and exteroceptive measurements when they perform cooperative localization, is on the average a matrix with equal diagonal and equal non-diagonal submauix terms. A direct result of the previous lemma is the following: Corollary 3.2: A group of N robots with the same level of uncertainty for their proprioceptive and exteroceptive measurements, when they perform cooperative localization they experience the same level of positioning uncertainty and they share the same amount of information. The amount of information shared by two robots is captured in the cross-correlation terms (non-diagonal submatrices) of the covariance matrix.
Iv. UNCERTAINTY BOUNDS FOR COOPERATIVE

LOCALIZATION
At this point we employ Lemma 3.1 to derive the main result of this paper, an analytical expression for the rate of increase in the localization uncertainty for a group of N robots. If A ( t ) was known then matrix B(t) can be determined 
B(t) = ( ( p t +POP -A ( t ) )
In Eq. (34), due to the structure of matrices oc (from Eq. Solving these equations at steady state yields lim al(t) = al, can be used as an inequality to determine the upper bound of the expected uncertainty growth with p = max i(q;).
= max,('rz).
V. SIMULATION RESULTS
We performed a series of experiments in simulation to verify the performance of cooperative localization and validate the theoretical analysis presented in the previous section. The same setup was used in all experiments conducted. N robots were placed inside a 40m by 40m arena at random locations (see Fig. 1 for four robots) It is worth noting that as the number N of robots increases, the constant offset between the theoretically derived covariance upper bound and the recorded average covariance grows larger. This is due to the fact that the parameter p . (maximum average distance between the robots) decreases significantly as the number of robots populating the same area increases. This in effect reduces the constant term in the linear, with respect to time, expression for the maximum expected covariance in Eq. (29) .
VI. CONCLUSIONS
The provable upper bound on the rate of position uncertainty increase in Eq. (29) allows to draw the following important conclusions. First, the uncertainty growth is inverseIy proportional to the number of robots thus the contribution of each additional robot follows a law of diminishing retum. Second, the rate of uncertainty growth depends only on the number of robots and the odometric and orientation uncertainty and not on the accuracy of the relative position measurements. These results were verified in simulation for robot goups of increasing size. The estimated by the Kalman filter uncertainty, consistently remained below the theoretical upper bound. It is worth noting that the rate of uncertainty increase agrees with independent experiments performed in previous work [23] using a particle filter estimator.
From the form of the derivations we are confident that these results can be extended to the case of motion in 3D, thus providing upper bounds for the position unceaainty of outdoor ground robots or autonomous aerial vehicles.
Finally, we intend to study the effect on cooperative localization of different sensing modalities, motion strategies and robot formations.
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